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❊①❡r❝✐❝❡ ✶

❙♦✐❡♥t (E; d) ✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡✱ A ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ♥♦♥ ✈✐❞❡ ❞❡ E ❡t x ✉♥ é❧é♠❡♥t ❞❡ E✳▼♦♥tr❡r q✉❡ ❧❡s tr♦✐s
❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s s♦♥t éq✉✐✈❛❧❡♥t❡s ✿

❛✮ x ∈ A
❜✮ d(x,A) = 0
❝✮ ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ (Un)n∈N ❞✬é❧é♠❡♥ts ❞❡ A q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs x

❝♦rr❡❝t✐♦♥✳

• a) ⇒ b)✿ s✐ x ∈ A✱ ❛❧♦rs ♣♦✉r t♦✉t ❡♥t✐❡r n ≥ 1❀ ❧❛ ❜♦✉❧❡ ♦✉✈❡rt❡ B(x, 1
n
) r❡♥❝♦♥tr❡ A✱

✭✐✳❡ ✐❧ ❡①✐st❡ a ∈ A t❡❧ q✉❡ d(x, a) < 1
n
♣♦✉r t♦✉t n ≥ 1✮✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ d(x, a) = 0 q✉❛♥❞ n → +∞✳

• b) ⇒ c)✿ s✐ d(x,A) = 0 ❛❧♦rs ♣♦✉r t♦✉t ❡♥t✐❡r n ≥ 1✱ 1
n

♥✬❡st ♣❛s ✉♥ ♠✐♥♦r❛♥t ❞❡ {d(x, a)/a ∈ A} ❞♦♥❝ ✐❧
❡①✐st❡ an ∈ A t❡❧ q✉❡ d(an, x) <

1
n
✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ❧❛ s✉✐t❡ (d(x, an))n≥1 ❝♦♥✈❡r❣❡ ✈❡rs 0✱ ✐✳❡✳ q✉❡ ❧❛ s✉✐t❡ (an)n≥1

❞✬é❧é♠❡♥ts ❞❡ ❆ ❝♦♥✈❡r❣❡ ✈❡rs x✳

• b) ⇒ c)✿ s♦✐t (an)n≥1 ✉♥❡ s✉✐t❡ ❞✬é❧é♠❡♥ts ❞❡ ❆ ❝♦♥✈❡r❣❡ ✈❡rs x✱ ❛❧♦rs ♣♦✉r t♦✉t ε > 0✱ ✐❧ ❡①✐st❡ N ∈ N

t❡❧ q✉❡ d(an, x) < ε ❛❧♦rs ♣♦✉r q✉❡ n ≥ N ❞♦♥❝ B(x, ε) ∩ A ❝♦♥t✐❡♥t {an/n ≥ N}✱ ❡♥ ♣❛rt✐❝✉❧✐❡r B(x, ε) ∩ A 6= ∅ ♦♥
❡♥ ❞é❞✉✐t q✉❡ x ∈ A✳

❊①❡r❝✐❝❡ ✷

❙♦✐t f : R2 −→ R ❞é✜♥✐❡ ♣❛r✿

f(x, y) =

{

x2y+xy2

x2+y2 , s✐ (x, y) 6= (0, 0)❀

0, s✐ (x, y) = (0, 0) ✳

✶◦✮ ▲❛ ❢♦♥❝t✐♦♥ f ❡st✲❡❧❧❡ ❝♦♥t✐♥✉❡ ❡♥ R
2❄

✷◦✮ ❈❛❧❝✉❧❡r ∇f(x, y) ♣♦✉r (x, y) 6= (0, 0)✱ ❝❛❧❝✉❧❡r ❡♥s✉✐t❡ ∇f(0, 0)

✸◦✮ ▲❛ ❢♦♥❝t✐♦♥ f ❡st✲❡❧❧❡ ❞❡ ❝❧❛ss❡ C1(R2)

✹◦✮ ▲❛ ❢♦♥❝t✐♦♥ ❢ ❡st✲❡❧❧❡ ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ (0, 0)

❝♦rr❡❝t✐♦♥✳

❙♦✐t f : R2 −→ R ❞é✜♥✐❡ ♣❛r✿

f(x, y) =

{

x2y+xy2

x2+y2 , s✐ (x, y) 6= (0, 0)❀

0, s✐ (x, y) = (0, 0) ✳

✶◦✮ ▲❛ ❢♦♥❝t✐♦♥ f ❡st ❝♦♥t✐♥✉❡ ❞❛♥s R2 \ {(0, 0)} ✳
❊❧❧❡ ❡st ❛✉ss✐ ❝♦♥t✐♥✉❡ ❡♥ (0, 0) ❝❛r✿

lim
(x,y)→(0,0)

f(x, y) = lim
(x,y)→(0,0)

x2y + xy2

x2 + y2
= lim

r→0
∀θ

r cos(θ) sin(θ)(cos(θ) + sin(θ)) = lim
r→0

2r = 0 = f(0, 0)



❉♦♥❝ f ❡st ❞♦♥❝ ❝♦♥t✐♥✉❡ s✉r R2✳
✷◦✮
• P♦✉r (x, y) 6= (0, 0)✱ ♦♥ ❛

∇f(x, y) =

(

∂f
∂x

(x, y)
∂f
∂y

(x, y)

)

=

(

(2xy+y2(x2+y2)−2x(x2y+xy2)
(x2+y2)2

(2xy+y2(x2+y2)−2y(x2y+xy2)
(x2+y2)2

)

=

(

y2 y2+2xy−x2

(x2+y2)2

x2 x2+2xy−y2

(x2+y2)2

)

• P♦✉r (x, y) = (0, 0)✱ ✐❧ ❢❛✉t r❡✈❡♥✐r à ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❞ér✐✈é❡ ♣❛rt✐❡❧❧❡ ❡♥ ✉♥ ♣♦✐♥t ♣✉✐sq✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❛✉ ♣♦✐♥t ✭✵✱
✵✮ ♥✬❡st ♣❛s ❞é✜♥✐❡ ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ s✉r ❧❡ r❡st❡ ❞✉ ❞♦♠❛✐♥❡✳

∇f(0, 0) =

(

∂f
∂x

(0, 0)
∂f
∂y

(0, 0)

)

=

(

limx→0
f(x,0)−f(0,0)

x−0

limy→0
f(0,y)−f(0,0)

y−0

)

=

(

0
0

)

✸◦✮ ❖♥ ❛ ❞é❥à ✈ér✐✜é q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❡st ❝♦♥t✐♥✉❡ s✉r R2✳
■❝✐ ♦♥ ❞♦✐t ❝❛❧❝✉❧❡r ❧❛ ❞ér✐✈é❡ ♣❛rt✐❡❧❧❡ s✉r ❧❡ r❡st❡ ❞✉ ❞♦♠❛✐♥❡ ❡t ✈ér✐✜❡r s✐ ❡❧❧❡ ❡st ❝♦♥t✐♥✉❡ ♦✉ ♥♦♥ ❡♥ ✭✵✱ ✵✮ q✉✐ ❡st
❧❡ s❡✉❧ ♣♦✐♥t q✉✐ ♣❡✉t ♣♦s❡r ❞❡s ♣r♦❜❧è♠❡s✳

♦♥ ❛
∂f

∂x
(x, y) =

{

y2 y2+2xy−x2

(x2+y2)2 , s✐ (x, y) 6= (0, 0)❀

0, s✐ (x, y) = (0, 0)✳

❖♥ r❡♠❛rq✉❡ q✉❡ s✉r ❧❛ ❞r♦✐t❡ y = x ❛❧♦rs ∂f
∂x

(x, x) = 1
2

❉♦♥❝

lim
(x,x)→(0,0)

∂f

∂x
(x, x) =

1

2
6= ∂xf(0, 0)

❖♥ ❡♥ ❞é❞✉✐t q✉❡ ❧❛ ❞ér✐✈é❡ ♣❛rt✐❡❧❧❡ ♣❛r r❛♣♣♦rt à x ♥✬❡st ♣❛s ❝♦♥t✐♥✉❡ ❡♥ (0, 0) ❞♦♥❝ ❧❛ ❢♦♥❝t✐♦♥ ❢ ♥✬❡st ♣❛s ❞❡ ❝❧❛ss❡
C1 s✉r R2 ✳

✹◦✮ ▲❛ ❢♦♥❝t✐♦♥ f ❡st ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ (0, 0) ss✐

lim
(x,y)→(0,0)

f(x, y)− f(0, 0)− (x− 0)∂xf(0, 0)− (y − 0)∂yf(0, 0)
√

(x− 0)2 + (y − 0)2
= 0

❖♥ ❛

lim
(x,y)→(0,0)

f(x, y)− f(0, 0)− (x− 0)∂xf(0, 0)− (y − 0)∂yf(0, 0)
√

(x− 0)2 + (y − 0)2
= lim

(x,y)→(0,0)
xy

x+ y

(x2 + y2)
3

2

❆❧♦rs ♣♦✉r x = y ♦♥ ❛

lim
(x,y)→(0,0)

f(x, y)− f(0, 0)− (x− 0)∂xf(0, 0)− (y − 0)∂yf(0, 0)
√

(x− 0)2 + (y − 0)2
= lim

(x,y)→(0,0)
xy

x+ y

(x2 + y2)
3

2

=

√
2

2
6= 0

❉♦♥❝ ❧❛ ❢♦♥❝t✐♦♥ f ♥✬❡st ♣❛s ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ (0, 0)✳

❊①❡r❝✐❝❡ ✸

❖♥ ❝♦♥s✐❞èr❡ ❧❛ ❝♦✉r❜❡ ♣❧❛♥❡ ❞✬éq✉❛t✐♦♥
yex + ey sin(2x) = 0 ✭✶✮

✶✳ ❱ér✐✜❡r q✉❡ ❧✬éq✉❛t✐♦♥ (1) ❞é✜♥✐❡ ✉♥❡ ❡t ✉♥❡ s❡✉❧❡ ❢♦♥❝t✐♦♥ y = ϕ(x) ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ (0, 0)✳

✷✳ ❈❛❧❝✉❧❡r ϕ
′

(0) ❡t é❝r✐r❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❞r♦✐t❡ t❛♥❣❡♥t❡ ❛✉ ❣r❛♣❤❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ϕ ❡♥ ❧❡ ♣♦✐♥t (0, ϕ(0))

✸✳ ❊♥ ❞é❞✉✐r❡ ❧❛ ❧✐♠✐t❡ ❞❡ y
x
q✉❛♥❞ (x, y) t❡♥❞ ✈❡rs (0, 0)

❝♦rr❡❝t✐♦♥✳

✶◦✮ ❖♥ ♣♦s❡ f(x) = yex + ey sin(2x)
❖♥ ❛ f(0, 0) = 0 ❡t

∂f

∂x
(x, y) = yex + 2ey cos(2x) ❛❧♦rs ∂xf(0, 0) = 2

✷



❡t
∂f

∂y
(x, y) = ex + ey sin(2x) ❛❧♦rs ∂yf(0, 0) = 1

P✉✐sq✉❡ ∂yf(0, 0) 6= 0 ✐❧ ❡①✐st❡ ✉♥❡ ❡t ✉♥❡ s❡✉❧❡ ❢♦♥❝t✐♦♥ y = ϕ(x) ❞é✜♥✐❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ 0 t❡❧ q✉❡ f(x, ϕ(x)) = 0
✷◦✮ ❖♥ ❛

ϕ
′

(0) = −∂xf(0, 0)

∂yf(0, 0)
= −2

❞♦♥❝ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❞r♦✐t❡ t❛♥❣❡♥t❡ à ϕ ❡♥ x = 0 ❡st y = −2x
✸◦✮ ❖♥ ❛

lim
(x,y)→(0,0)
f(x,y)=0

y

x
= lim

x→0

ϕ(x)

x
= lim

x→0

ϕ(x)− ϕ(0)

x− 0
= ϕ

′

(0) = −2

✸


